We analyze a class of energy and wealth redistribution models. We characterize their stationary measures and show that they have a discrete dual process. In particular we show that the wealth distribution model with non-zero saving propensity can never have invariant product measures. We also introduce diffusion processes associated to the wealth distribution models by "instantaneous thermalization".
Introduction
Wealth distribution models represent a flourishing field of the econophysical literature, see e.g. [3] for a recent overview. They represent simplified models of an economy, where at random instances agents exchange wealth, whereas the total wealth is conserved. These models are inspired from kinetic theory, since the exchange of wealth among economic agents is reminiscent of the exchange of energy in the collisions among the particles in a gas. Therefore, these models have striking similarities with the stochastic processes of energy exchange that are used as microscopic toy models of "the Fourier law" of heat conduction. One particular aspect of wealth distribution models which makes them quite different from analogous models in mathematical physics, such as the KMP model red for Fourier law [10] or the energy and particle transport models studied in [9] , is the presence of the so-called "propensity to save", i.e. the tendency of agents to have only a fraction of their wealth involved in transaction events, while the other amount constitutes the savings, which are not transacted and allow for the accumulation of wealth. It is therefore interesting to study wealth distribution models from the point of view of mathematical physics, using in particular the techniques of duality developed in [9] and [2] . The aim of this paper is to present first results in that direction, by restricting our attention to a general class of wealth distribution models on two sites.
For this class of models, we characterize their invariant measures and we prove that for non-zero propensity, there does not exist an invariant product measures, i.e., non-zero propensity necessarily leads to dependencies between the wealth of agents. We also show that these models always have a discrete dual process, but the duality function factorizes if and only if the propensity to save is zero and the redistribution measure a beta distribution, corresponding to the unique case where we do have product invariant measures. In other words, factorization can only take place when the wealth distribution model is nothing but an energy redistribution model of the type described in [2] . The discrete dual process is easier than the original continuous process and can be used to study detailed time dependent properties of the wealth distribution.
In section 5, we introduce a class of diffusion processes naturally associated to the wealth distribution model, in the same way in which the KMP model is related to the Brownian energy process by instantaneous thermalization, see [9] .
The two-agent models that we study here are to be considered as the building block of more complex models, because models with N agents are always based on transactions between two agents, or put otherwise, in the language of kinetic theory, one restricts to binary collisions. Moreover, the results that we obtain for two agents models remains partly true and contain relevant information for more complex N agent models: the absence of product invariant measures for non-zero propensity, characterization of the redistribution laws (of beta-type) for which there are product measures in the zero propensity case, and the existence of a discrete dual process.
Moreover, the diffusion of expected wealth as a random walk where the propensity only enters in the time scale is actually shown here in section 6 in the N agent model with general symmetric transactions. This shows in particular that these models satisfy "Fourier law", and have a "finite positive conductivity". In the two agent case we can moreover completely characterize the set of stationary distributions, also in the presence of nonzero propensity. The latter becomes more complex in models with more agents, and because complex dependencies will appear, it is not expected that for general models we can obtain analytic results. In forthcoming work we will however analyze the covariances between different agents in more complex N agents models and show how they are related to the Green's function of the underlying random walk.
An important subject in the area of wealth distribution models is the emergence of power laws [5, 6, 7] , and in particular of the Pareto law for the stationary wealth distribution marginals. In our models, Pareto laws only emerge in a particular choice of the "redistribution law". It is expected that in more complex models with N agents and annealed random propensities, power laws can emerge due to the fact that with non-zero probability many agents have propensity close to one. Such a result is actually obtained in [13] for a particular model with deterministic redistribution law.
Our paper is organized as follows: Section 2 introduces the general models for energy redistribution and wealth distribution and the relative notation; Section 3 is devoted to the study of stationary measures in these models; in Section 4 duality is introduced and discussed; Section 5 deals with the diffusions associated to the two sites energy redistribution models and finally Section 6 analyzes the case of a simple economy with N agents, by studying how the expected wealth of a single agent diffuses.
Models with two agents 2.1 Notation
Let E = [0, ∞) 2 be the state space of the models with two agents. An element (x, y) ∈ E represents the wealth of agent 1 resp. 2, or in the energy redistribution model the energy at vertex 1, resp. vertex 2.
For ǫ ∈ [0, 1] we define the map T ǫ : E → E as
and, for λ, ǫ ∈ [0, 1], the map T λ ǫ : E → E as
Notice that the map T λ ǫ conserves the total energy s = x + y. Naturally T ǫ = T 0 ǫ , whereas T 1 ǫ is the identity. The interpretation of ν(s, dǫ) is the distribution of the fraction x/(x + y) of the total wealth going to the first agent after one redistribution when the total wealth is equal to s = x + y before (and hence also after) the redistribution.
The energy redistribution model
For a given redistribution measure ν = ν(s, dǫ), the energy distribution model based on ν is a Markov process in which, for an initial state (x, y) ∈ E, after an exponential waiting time (with mean one), the values x, y are replaced by T ǫ (x, y), where the redistribution parameter ǫ is distributed according to ν(s, dǫ). The generator of the energy redistribution model is defined on bounded continuous functions f :
where the one-step transition redistribution operator P is given by In these cases, the stationary measures are of product form. For more details about the existence of product measures we refer to section 3 below.
The wealth distribution model
In a wealth distribution model the pair (x, y) represents the wealth of two agents, and redistributions are the results of random transactions between these two agents. These agents represent the whole economy, whose total wealth is preserved. The interest for these type of models is mainly in trying to understand wealth transactions at the micro level. In that sense, considering just two agents is only the starting point for analyzing a more realistic economy made of N agents that interact among them. Two is in fact the minimum number of agents we need to model a transaction. As we will partially see later on, knowing what happens at the level of single pair is fundamental to make inference on the whole N agents economy.
Compared with the energy redistribution model, the wealth distribution model has an additional parameter λ ∈ (0, 1) interpreted as the propensity to save of the agents. This parameter represents the fraction of wealth that the agents do not exchange; upon each redistribution only the wealth (1 − λ)(x + y) is transacted among the two agents.
For a given redistribution measure ν(x + y, ǫ)dǫ and λ ∈ (0, 1) the wealth distribution model with parameters (ν, λ) has the generator
acting on bounded continuous functions, and where the redistribution kernel is now equal to
REMARK 2.2. In the literature (see e.g. [3] ), different models are available with ǫ fixed, λ random, or both ǫ and λ random.
In this paper we restrict our attention to the case in which ǫ is random and λ is fixed. Another more realistic variant is an agent-dependent propensity to save λ 1,2 , in which the map T λ ǫ becomes
Questions
The basic questions we focus on in this paper are the following:
1. What are the stationary distributions?
2. When do we have product stationary distributions?
3. Do these models have discrete dual processes, and if so what are the corresponding duality functions? (See Section 3.2 for more details.)
Answering these questions is meaningful for the development of more realistic wealth distribution models, in which N agents, possibly belonging to different classes, interact. Regarding question 1 it is important to distinguish between canonical and grand canonical invariant measures.
Since for all these models s = x + y is a conserved quantity, upon fixing s, the process will converge to a unique invariant measure concentrating on the set {(x, y) : x + y = s}. This invariant measure is called the canonical measure, and especially in the two agents case, these measures are quite easy to find out. All invariant measures are mixtures of these canonical measures.
The canonical measures are of course never product, and do not have full support, because the sum x + y is fixed. Mixtures of canonical measures, i.e., choosing a particular distribution for s = x + y can however be product.
Mixtures of canonical measures, where we allow s = x + y to fluctuate are called grand canonical measures.
In generalizing from the 2 agents case to the case of N agents, it is important to find out whether these canonical measures correspond to grand canonical measures with full support (i.e. where s = x + y is not fixed), and in which cases the latter can be product measures. We will see that for nonzero propensity λ > 0, there do not exist mixtures of canonical measures that are product, which implies that there do not exist product stationary distributions in that case.
Stationary measures 3.1 Product measures for the energy redistribution model
The following theorem gives a complete characterization of the cases in which the energy redistribution model generates product measures. 
This measure is then also reversible. More generally µ(x, y)dxdy is invariant if and only if
2. If ν(s, ǫ) = ν(ǫ)dǫ does not depend on s, then the only invariant product measure µ is of Gamma type, i.e.
The corresponding Beta-distribution for ν is equal to
PROOF. We start from point (1). If µ(x)µ(y)dxdy is invariant then for all f : E 2 → R bounded and continuous we have
which, using the change of variables a = x/(x + y), s = x + y leads to the following equalities:
This proves (8), since we infer that for every bounded continuous f
If (8) is fulfilled, then with a similar computation, one obtains
which implies that µ is also reversible. When µ is not product, the computation is identical. This finishes the proof of item 1. For item (2) , if ν(s, a) does not depend on s, then the equation for µ reads
By symmetry of the rhs of (10) under a ↔ (1 − a), ν has to be of the form
Putting J(a, s) = µ(as)/K(a) and differentiating (11) w.r.t. a, we get
where ∂ a denotes partial derivative w.r.t. a. This leads to
Setting a = 0, we now have
which leads to µ(s) = s c e −c ′ s . Since we require µ(s) to be normalized on [0, ∞), we must have c ′ > 0, which gives us a Gamma distribution.
In the following theorem we show the general structure of the invariant measures for the energy redistribution model.
Every distribution of the type (ǫS, (1 − ǫ)S), where S is a non-negative random variable, and ǫ is distributed according to the redistribution measure ν(s, dǫ), is invariant for the energy redistribution model with generator L . These measures exhaust the set of invariant measures.
PROOF. Let µ be the joint distribution (ǫS, (1 − ǫ)S) and denote by γ the distribution of S. Then we have by assumption that µ(dxdy) = γ(ds)ν(s, dǫ). Thus
Therefore, µ is invariant. For fixed s = x + y, the invariant distribution µ s concentrating on the pairs (x, y) with x + y = s is unique and ergodic, and hence given by the distribution of (ǫs, (1 − ǫ)s), where ǫ is distributed according to the redistribution measure (corresponding to γ = δ s . These are the only ergodic invariant measures. Since the set of invariant measures forms a simplex, every invariant measure is of the form γ(ds)µ s . REMARK 3.1. In the special cases in which ν is both independent of s and a Beta distribution in ǫ, the only choice for a distribution γ on the s-variable, so that the couple (ǫs, (1 − ǫ)s) is i.i.d., is the Gamma distribution. All this shows consistency between theorems (3.2) and (3.1). If we drop the requirement of full support, and choose the redistribution measure as
then the corresponding product measure is the product of Pareto I distributions, i.e. µ(x, y) = µ(x)µ(y),
Stationary measures for the wealth distribution model
Let us define a new variable r = x/s, representing the proportion of wealth owned by agent x. As usual s = x + y is the total wealth. Under a Markov process with generator (5), we have that s t = s 0 = s and r t is Markovian with s-dependent generator
If ν does not depend on s this process has an s-independent generator
The unique stationary distribution of this process is the unique distribution that is stationary under the recursion
where ǫ n is an i.i.d. sequence with distribution ν. This distribution can be easily obtained by iterating the recursions (15), and it is thus given by the distribution of
where the different ǫ n are i.i.d. with distribution ν.
In the following theorem we characterize the stationary measure of the process with generator (5) and s-independent ν. For a redistribution measure ν we denote by ν λ ∞ the distribution of the corresponding random variable ǫ λ ∞ . 
where S is a non-negative random variable, and where ǫ λ ∞ is given in (16). For λ > 0 there are no product invariant measures.
PROOF. Let µ be an invariant measure and call γ(ds) and λ(s, dr) the corresponding distributions of s = x + y and r = x/s. Then it follows that λ(s, dr) must be the unique invariant measure of the process with generator (13), which is ν λ ∞ . Such a measure can only be product if
Then, by the same reasoning as in the proof of point (2) of theorem 3.1, we conclude that γ(x) must be of the form x c e −c ′ x , while ν(r) = Cr b (1 − r) b , which is a contradiction, because ν λ ∞ (a) is clearly not of this form. 7) ), then the stationary measures can still be found explicitly. In this case the analogue of the recursion (15) reads
which leads to the limiting distribution given by
where the empty product is defined to be equal to 1. The corresponding stationary measures are the distributions of (r ∞ S, (1 − r ∞ )S), where S is a non-negative random variable.
Duality

Duality for the energy redistribution model: s-independent case
Duality is an important tool in the study of interacting particle systems, since it allows to connect two Markov processes via a duality function. In other words it makes possible to build a connection between processes characterized by a continuous state space, such as the energy and wealth distribution models (or processes of diffusion type), and discrete processes, without any loss of information. Given that discrete processes are generally easier to handle, both analytically and for the purpose of simulations, duality represents a very powerful instruments for the study of many complex models.
DEFINITION 4.1. Let {ξ t : t ≥ 0}, {η t : t ≥ 0} be two Markov processes with state spaces Ω and Ω ′ respectively. Let D : Ω × Ω ′ be a measurable function. Set E ξ to denote expectation in the ξ process starting from ξ ∈ Ω, and the same for E η with η ∈ Ω ′ . We say that the process {ξ t : t ≥ 0} is a dual process of the process {η t : t ≥ 0} with duality function D if, for all ξ ∈ Ω and for all η ∈ Ω ′ , we have
We denote this property by using the following notation
The most interesting use of duality arises when the dual process is simpler than the original one, for example discrete instead of continuous, or with finitely many particles instead of infinitely many, and when the duality functions are "rich enough" to preserve "full information". A classical example is the choice D(n, x) = x n as a candidate duality function between a process with a continuous state space variable x ∈ R and a discrete process n ∈ N usually of birth and death type. Duality was discovered and used for the KMP model in [10] , and for more general energy redistribution models in [2] . We will now show that the energy redistribution process with generator as in equation (3), and with ν(s, dǫ) independent of s, always admits a discrete dual process, with duality functions of the form
However, only in the case in which ν is a Beta distribution, these duality functions will factorize, that is to say c nm = d n d m . In that case, the dual process is known as the thermalized SIP (symmetric inclusion process), introduced and studied in [2] . Let us now start by acting with the generator (3) on f nm = x n y m . Denoting
The coefficients a nm;rs are non-negative when (n, m) = (r, s). We can then apply a general result from [1] : if µ is an invariant measure and
then by setting q nm,rs = a nm,rs c rs c nm ,
we have that the q's define the transition rates of a continuous-time 
with D(n, m; x, y) given by (20). Equation (23) implies that, in terms of the associated processes,
that is to say
The dual Markov chain can be interpreted as a discrete redistribution model, where the total number of "dual particles" (n + m) is conserved and "dual particles" are redistributed according to the transition rates q nm,rs . Coming back to the simplest case where ν(dǫ) = dǫ, we find ν nm = n!m! (n+m+1)! . For the invariant product measure we choose µ(dxdy) = e −x e −y dxdy, c nm = n!m!, and we find q nm,rs = δ n+m,r+s 1 n + m + 1 ,
i.e. the dual particles are uniformly redistributed. This is exactly the dual KMP model, or thermalized SIP with m = 2 [10] , [2] . Similarly, when ν is a Beta distribution, we find a hypergeometric redistribution rule for the dual rates, corresponding to a thermalized SIP . These are the only cases in which the coefficients c nm factorize, because factorization occurs if and only if the invariant measure µ in (21) is a product measure. Therefore, by Theorem 3.1, the coefficients c nm factorize if and only if ν is a Beta distribution. We can then summarize our findings in the following theorem. The coefficients c nm factorize if and only if the redistribution measure is Beta distributed, that is when
Notice that the coefficients c nm in the duality function depend on the choice of the invariant measure µ. So choosing one reference invariant measure µ 0 for the choice of the coefficients, i.e., c nm = x n y m µ 0 (dxdy), we have that if µ is a (possibly different) invariant measure for the process, then defining D(n, m; x, y)µ(dxdy) = µ(n, m)
we have, as a consequence of invariance of µ that µ is harmonic for the dual process, i.e., E (n,m) ( µ(n t , m t )) = µ(n, m)
As a consequence, since the dual chain is irreducible once n + m is fixed, the only harmonic functions of the dual process are functions of the conserved quantity n + m. Therefore, we obtain that
i.e., the joint moments under µ are the same as under µ 0 up to a n + m dependent factor. Conversely, if (25) holds, then µ is also an invariant measure.
Duality for the wealth distribution model: s-independent case
Let us suppose once again that ν(s, dǫ) = ν(dǫ). It is convenient to study the duality of the wealth distribution model via the process r t with generator (14) . Let us consider the function f n (r) = r n . Acting on the generator, we find
where
and a(n, n) = λ n − 1 < 0. Therefore, the conditions of the general theorem in [1] are satisfied, and we have a dual process (n t : t ≥ 0) jumping from k to n, k < n at rate
and with duality functions
If we want to consider duality between the {X t , Y t } t≥0 process and a discrete process, it is convenient to introduce the following function
Acting with the generator (14), we then find a dual process {n 1 (t), n 2 (t)} going from {n 1 , n 2 } to {k 1 , k 2 } at rate
and where
(32) The duality function is then given by
If x + y = 1, then r = x and 1 − r = y, and we can rewrite the duality function as
As a consequence, we obtain the following duality result.
THEOREM 4.2. Between the processes {(X t , Y t ), t ≥ 0}, with X 0 + Y 0 = 1 with generator (5) and s independent ν, and the discrete jump process {(n 1 (t), n 2 (t)) : t ≥ 0}, with rates given by (30), (31), (32), we have the duality relation
with D given in (34).
5 Diffusions on two sites associated to energy redistribution models
The energy redistribution models can be considered as "thermalization limits" of slower processes where the energy is redistributed continuously, as in the case of energy diffusion processes. We investigate these diffusions in the present context, where they can be considered as models of wealth distribution on more microscopic time scales. The concept of thermalization limit has been introduced in [9] to build a connection between the Brownian energy process, a process where energy diffuses, and the KMP model, which is an energy redistribution model (with uniform redistribution measure).
The idea of thermalization is that at exponential waiting times a pair of vertices is selected, and the diffusion process associated to that pair is "run for infinite time", so that the energies associated to that pair of vertices are redistributed according to the stationary distribution of the diffusion process.
In this section we go the other way round: the energy or wealth distribution model is given, and we look for the corresponding diffusion process, for which this model is the thermalization limit. Since for two sites s = x + y is conserved, for the diffusion process we can start with a generator of the type
where ∂ x ,∂ y denote partial derivatives with respect to x,y. This is the generator of a diffusion process {(X t , Y t ) : t ≥ 0} on [0, ∞) 2 conserving the sum s = x + y. Using s = x + y and r = x/(x + y), we obtain that under the diffusion (X t , Y t ) we have s t = s 0 is conserved and r t evolves according to the diffusion process on [0, 1] (with absorbing boundaries) with generator
This diffusion has a stationary distribution ψ(r)dr with density
with C a normalizing constant. Let us first consider the simple linear case a(x, y) = −α(x − y), with α > 0. Then the diffusion for r becomes s-independent and its generator reads i.e., the Beta(α, α) distribution. More generally, if we want ν(s, r) to be the stationary distribution of the generator L r s then by solving (37) for a we arrive at the following relation between ν and a:
Note that once more inserting here ν(s, r) = C(1 − r) α−1 r α−1 consistently gives a(x, y) = −α(x − y).
The connection between the diffusion model and the energy redistribution model is then as follows. Since the diffusion has a unique stationary measure ν(s, dr) for x + y = s fixed
i.e. the generator of the energy redistribution model can be written as
i.e. it is the thermalization of the diffusion generator.
6 Random walk of the expected wealth in the wealth distribution model with N agents
Although for the wealth distribution model with N agents one cannot in general easily characterize the stationary distribution (which will certainly not be product because of the results of the two site model), a general firstorder duality result can be nevertheless obtained: the expectation of x i (t) can be described via a single random walk.
To define the wealth distribution model with N agents, we consider a countable set of agents denoted by S (with cardinality N ), and a symmetric random walk transition probability p(i, j) indexed by i, j ∈ S, i.e. p(i, j) = p(j, i) ≥ 0 and j∈S p(i, j) = 1, for all i ∈ S. We denote by (X t : t ≥ 0) the continuous random walk, jumping at rate one according to the transition probabilities p(i, j), and by E i the expectation in this process starting from i ∈ S. The state space is then E = [0, ∞) S . For x = {x i , i ∈ S} ∈ E and i, j ∈ S, we denote by T ij λ,ǫ (x) the configuration obtained from x by replacing the couple (x i , x j ) with T λ ǫ (x i , x j ), while leaving all other coordinates as they are. Given a (s-independent) redistribution measure ν on [0, 1], the wealth distribution model has the following generator, defined on bounded continuous 
Let us denote by E x the expectation in this process starting from x ∈ E. We further assume that ǫν(x + y, dǫ) = 1/2. Hence we have the following general result.
THEOREM 6.1. In the wealth distribution model with generator (39), we have E x (x i (t)) = E i (x X ((1−λ)t) ) =
where p t (i, j) is the transition probability of the random walk X t . As a consequence, if µ is an invariant measure and
then ρ is harmonic for p(i, j), i.e. This shows that E x (f i (x(t))) =: ψ(t, i, x) satisfies d dt ψ(t, i, x) = (1 − λ)(Aψ(t, ·, x))(i).
This equation has the unique solution ψ(t, i, x) = E i (ψ(0, X t(1−λ) , x)). This proves (40). To prove the second statement, it is sufficient to integrate (40) over a stationary measure µ.
Conclusion
In this paper we analyze a two-agent model of energy and wealth distribution, serving as building block for more complex and realistic models. These models are parametrized by a redistribution law ν and a saving propensity λ. We show that non-zero saving propensity necessarily leads to dependencies in the stationary distribution. We show that only for beta-distributed redistribution laws ν we can obtain product stationary distributions. Moreover the models always admit a discrete dual process and also we introduce a class of naturally associated diffusion processes. For a general N agent model with symmetric redistribution we demonstrate that the expected wealth moves as a random walk and the propensity only enters as a time scale. These results are first steps in the understanding of more complex N agents models, including emergence of power laws and long-range dependencies.
